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Abstract

We generalize constructions of lexicographic codes to produce locally optimal codes with a desired
trellis decoding complexity. These constructions are efficient for high rate codes and provide a means
for automated code design. As a byproduct, we improve known bounds on the parameters of lexicodes.
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1 Introduction

Lexicographic codes, or lexicodes for short, are greedily constructed codes which were introduced by
Levenshtein [9] and again by Conway and Sloane in [4,5]. Lexicodes have surprisingly good encoding
parameters and include, among other famous optimal codes, the Hamming codes, the binary Golay code,
and certain quadratic residue codes [5,10]. Several authors [3,5,9] have proved that lexicodes are linear,
and comparison with optimal linear codes of the same length and dimension shows that lexicodes are
usually within one of the optimal minimum distance [5] and often exhibit the smallest known covering
radius [6]. Hence, lexicodes may be regarded as a heuristically good “approximation” to optimal codes.
Brualdi and Pless [3] have examined a similar generalization of lexicodes, known as greedy codes, and
presented certain bounds on their parameters.

We examine the theoretical underpinnings of lexicodes and investigate various generalizations. Our intent
is to graft desired decoding properties onto the heuristically good features of lexicodes. In this way, we
develop a means for designing good codes for specific tasks. For example, we can fashion good codes
which maintain a desired dimension, error-correction capability, and memory constraint.

Section 2 opens with a definition of the lexicographic construction, which iteratively constructs generator
matrices for the family of minimum distance d lexicodes, for any d > 0. The lexicographic construction
is, in turn, a special case of the generalized lexicographic construction, which we abbreviate as the &-
construction. This generalized construction encompasses a variety of code families which graft different
properties onto lexicode features.

Section 3 is devoted to various instances of the ®-construction. Specifically, Section 3.1 analyzes the role
of lexicodes as one of these instances and describes tools for efficiently constructing them. In Section 3.2
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we demonstrate that a simple modification of the lexicode generator produces “trellis-oriented” lexicodes
that locally minimize trellis complexity. These codes exhibit the same “approximately optimal” features
of lexicodes but often have a much lower trellis decoding complexity, in some cases reaching the lowest
trellis complexity known for their length, rate, and minimum distance. This modification provides a
natural heuristic for transforming a given code into a similar code with (often) a better trellis complexity.
Finally, in Section 3.3 we examine methods for designing codes with various trellis characteristics, such
as constrained state complexity or constrained Viterbi decoding complexity. These methods might be
particularly useful for VLSI-based decoding, where implementation constraints favor a small trellis state
complexity, and for mobile communications, where portability severely limits power consumption.

Section 4 investigates the coset relationship which supports the &-construction. This relationship es-
tablishes bounds on the parameters of the codes produced by the construction and suggests a natural
algorithm for computing these codes. The bounds established, though loose, are asymptotically tighter
than the lexicode bounds of Brualdi and Pless [3]. We also use the coset relationship to bound the
computation time of the &-construction in Section 5.

Finally, in Section 6 we discuss various applications of the &-construction and present our conclusions.
The appendix lists simulation results for the some of the algorithms described in the paper, extending
the list of lexicode parameters originally published in [5].

2 The Lexicographic Construction

A g-ary, length n, minimum distance d lexicode is traditionally defined constructively based on a lexi-
cographic (i.e., dictionary) ordering of vectors in which, for example, 01111 comes before 10000. The
construction starts with the set S = {0} and greedily adds, until exhaustion, the lexicographically earliest
vector whose Hamming distance from S is at least d.

For example, the codewords of the binary lexicode (i.e., ¢ = 2) of length n = 3 and minimum distance
d = 2 are marked by a e in Figure 1 and would be computed left-to-right across the figure.

000 | 001 | 010 | O11 | 100 | 101 | 110 | 111

Figure 1: A simple n = 3,d = 2 binary lexicode.

This greedy construction always generates a linear code [3,5,9]. Thus, we may completely describe a di-
mension k lexicode by finding k basis vectors (known as “generators”) using what we call the lezicographic
construction. This construction starts with the zero code £ = 0 and greedily adds the lexicographically
earliest vector of distance d from the linear space spanned by the previously added vectors; k such itera-
tions form the dimension k code £¢. Table 1 demonstrates this construction for d = 3; the resulting code
is a (7,4,3) binary code, meaning that it has length 7, dimension 4, and minimum distance 3.

0000111
0011001
0101010
1001011

Table 1: Generator matrix for the dimension 4, minimum distance 3 binary code £3. The generator
paddings are in bold.

We may understand the lexicographic construction more analytically by making use of the covering radius
of each intermediate code £¢ in the iteration. The covering radius of a length n code is the smallest integer
p with the property that Hamming balls of radius p centered at codewords of the code will cover every



vector of Fy. In other words, p is the maximum distance of a vector in Iy from the code. As an example,
one can readily see that the binary lexicode in Figure 1 has a covering radius of 1 because every vector

in F3 is at most of Hamming distance 1 from a code vector.

An iteration of the lexicographic construction on an intermediate code C whose covering radius is p and
minimum distance is d can thus be understood as the addition of a generator vector:

(17" | fiexi(C))

where 1977 known as the generator padding, has the usual meaning of (d — p) successive 1’s, and the
function fiayi(C) returns the lexicographically earliest vector of distance p from C:

flexi(C) =v€F; s.t. YweF;,
v <1€Xi w or d(w,(C) < d(U,(C), (]-)

where we define -
F; = |JF..
=1

We use the notation v <joj w to denote that v appears before w in a lexicographical ordering of Fy.
Moreover we use the customary notation (-|-) to denote concatenation.

The linear codes generated by the lexicographic construction described above are precisely the lexicodes.

Theorem 1 Over a finite field F,, a dimension k, minimum distance d code C is a lezicode if and only
if it is produced by the lezicographic construction, namely C = L{.

Proof: We first prove that £¢ is always a lexicode, by induction on k for an arbitrary, fixed d.
For the base case it is clear that £¢ = {09,1} is a (d,1,d) lexicode. Now assume as an inductive
hypothesis that £¢ is a dimension k, minimum distance d lexicode. From the definition of the lexicographic
construction, £i 41 has parameters (n+d—p,k+1,d), where p is the covering radius of E%. Consider the
(n+d—p, k', d) lexicode Cy constructed by repeatedly choosing the appropriate lexicographically-earliest
vectors in ]F;Hrd_p . Clearly, we generate Cy, in the process of this construction, so that Cy C Cy and, by
the inductive hypothesis, £g C Cyr. Moreover, the vector

v = (1" fiexi (Ci))

is the lexicographically earliest vector of distance p from £¢. Thus, it must be the case that v € Cy and,
since Cy is linear, £§ ; C Cp.

In addition, any vector v € Fy+% 7 that is in Cy but not in £, ; would necessarily have its n right-most
bits at distance < p from L£{_ ,, and its other bits at distance < [(d — p)/2] from L{,,. Noting that
p < d, we may now use the triangle inequality to see that the distance from v to £4 +1 (and consequently
also Cy/) must be at most

p+d=p)/2] = [(d+p)/2] < d.
This contradicts our constructive definition of Cys, so it must be that £§,; = Cpr.

For the converse assertion of the theorem, we need to show that a non-trivial (n, k, d) lexicode C can be
constructed by the lexicographic construction. The code £g produced by k iterations of the minimum-
distance d lexicographic construction is clearly a lexicode, from the first part of the proof. Since all
distance d lexicodes are ordered by inclusion, as we saw in the first part of this proof, we may conclude
that either C C £{ or £¢ C C. However L£¢ and C are both non-trivial! dimension k codes, so it follows
that they must be equal. I

Theorem 1 allows us to bypass the codeword-by-codeword lexicode construction, and instead directly
compute the generator matrix of a desired lexicode.

LA non-trivial code is one whose generator matrix contains no all-zero columns.



2.1 Generalization

The lexicographic construction may be extended to produce codes with desired characteristics using the
generalized lexicographic construction, which we abbreviate as the &-construction. The &-construction
replaces the “lexicographically earliest” heuristic used in building lexicodes with an arbitrary function.
This allows us to generate arbitrary greedy codes in which various properties are grafted upon the good
code parameters of the lexicodes.

Definition 1 The generalized lexicographic construction is initialized with a linear (n, k,d) seed code C
and iteratively constructs the family of codes

@(f,(C) = {61 (f:C) : Z6{071727}}
using a mapping from codes to vectors:

f():CCF;—veFy. (2)
The construction follows the scheme:

e B¢ (f,C) is trivially the code C;

e 8;(f,C) is computed by adding to &;_1 (f,C) the generator

(-

where \; = f(&;_1 (f,C)) and A; is defined to be d minus the Hamming distance from \; to the
code &;_; (f,C).

)\i) 3)

We will call f(-) the generating mapping of the construction. The familiar lexicode family of minimum

distance d is thus the simple special case &( fiaxi; Sa), where we use the trivial seed code dezef{od, 17}.
The code in Table 1 is &3 (fiexi> S3), as can be verified by hand.

Despite its generality, there are many linear codes that cannot be constructed using a non-trivial appli-
cation of the &-construction. The code given by the following basis vectors is one such example:

1110000
0001111

For sake of simplicity we shall concern ourselves only with binary codes in the remainder of this paper,
though the extension to g-ary codes is fairly straightforward.

3 Instances of the &-construction

The B-construction algorithm is technically complicated and will be relegated to Section 4. A generating
mapping uniquely determines a corresponding family of codes, known as a &-family, produced by the
&-construction. In this section we shall analyze various generating mappings that can be used to design
these families for specific decoding needs.



3.1 Lexicodes

As mentioned in the previous section, the mapping fi.4; generates the lexicodes. The computation of
flexi is handled by a simple greedy algorithm, presented as Method 1, which operates in linear time (in
its inputs), subject to appropriate knowledge of the input code. The speed with which we can compute
flexi permits efficient generation of lexicodes, as we shall see later in Section 5.

In order to compute fiex; We will first transform the generator matrix of the code into a minimal span
generator matrix (MSGM) form, in which the sum of the spans of the generators is minimized. Adapting
the notation in [11], the span of a binary n-vector z = (21, 22,3, ...,%,) is R(z) — L(z), where R(-) and
L(-) are the rightmost (i.e., largest) and leftmost (i.e., smallest) index ¢, respectively, such that z; # 0.
Thus, the span of the vector z = (0001001100) is R(z) — L(z) = 8 — 4 = 4. We can efficiently transform
any matrix into MSGM form using the greedy algorithm in [11]. We note that two vectors of an MSGM
cannot have their leftmost or their rightmost index in common, or else they may be added to produce a
generator matrix with shorter span.

Given an MSGM for a code and a set of coset representatives V, Method 1 computes the lexicographically
earliest vector among the cosets represented in V.

Method 1 Consider a set of vectors V representing cosets of a code C whose length isn. Let G be an MSGM
for C whose generators are in lexicographically increasing order (i.e., G1 <jpi G2 <jegi G3 - - - <Jegi Gn)-
The following greedy method computes the lexicographically earliest vector among the represented cosets
in O(n|V|) time and O(n) space.

1. for eachv = (v1,v2,v3,...,v)y) €V do

2 for i from n down to 1

3. if vy,(g,) is a 1 then

4. v v+ G

5 store the modified v

6. among all stored v, return the lexicographically earliest

This method looks for the generators whose left-most 1-bit corresponds to 1-bits in vectors v € V. Figure 2
demonstrates this method with the set ¥V = {1010000} on the (7,4,3) code described in Table 1. For
this case, the vector 0001011 is the lexicographically earliest vector in the same coset as 1110000. Note
that the ordering of the generators in the MSGM is significant and that different orderings might not yield
the lexicographically earliest vector. For example, if generators G and G5 are switched, then Method 1
yields 0010010, which is not the lexicographically earliest vector desired.

G, = | 0000111 v: 1110000
G> = | 0011110 v+ v+ Gy | 0111000
G5 = | 0110100 v < v+ Gs: | 0001100
G4 = | 1001000 v+ v+ Gy | 0001011

Figure 2: Method 1 applied to the code in Table 1 with initial condition ¥V = {1110000}. The various
values taken on by v during the computation are shown on the right-hand region.

We will now prove the correctness of Method 1. In our applications, V will typically be the set of leaders
of cosets with maximum distance from C. These coset leaders are defined to be the minimum-weight
vectors in their corresponding cosets, so that Method 1 computes precisely flexi(C).

Proof of Method 1: We first show correctness of the method by proving that, for each v € V, lines 2-5
compute the lexicographically earliest vector in the same coset as v. This way, line 6 in the method will
return the lexicographically earliest vector among all the cosets represented.



We know from [11, Thm 6.11 and Lemma 6.7] that the rows of G have the predictable support property:

span Z G;| = U span(G}) 4)

JET JET
for every subset J C {1,2,3,...,n}.

Now suppose that vhes; is the lexicographically earliest vector in the same coset as v, but that instead
Ustored 18 the vector stored on line 5 of the method. Our goal will be to show that the difference between
these two vectors, denoted wvqifr, is in fact 0.

Clearly v, Upest, and Vsgored are necessarily in the same coset of C. Moreover, since v and vggored are in
the same coset, vgig must be a codeword of C so that we can write (for an appropriate set Jgg):

Vdiff = Z G]'. (5)

J € Jaisr

Then, applying the predictable span property of G,

span(vqifr) = U span(Gj). (6)
J € Jaisr

Assume (for sake of contradiction) that L(vgis) = k, meaning that the left-most 1 bit of vgir occurs at
the k-th index. This implies that, starting from the left-most bit, vnest and vstoreq are identical until
the k-th index, on which they differ. Since, by definition, vest comes lexicographically before vstored, it
must be that vpes; has a 0 and vgioreq a 1 at the k-th index. Then (6) implies that there must be some
generator G; whose left-index is k; however, the lexicographic ordering of the generators insures that G
would have eliminated any 1 at index k in vgtored, providing a contradiction. Thus, the left-index of vg;g
could not possibly be at location k, for any k, so that vg;s must be 0 and correctness of the method is
proved. The time bound follows straightforwardly, and the space bound follows from noting that only
the lexicographically earliest vector v needs to be stored in line 5 of the method. ]

Method 1 provides a fast way of computing the lexicographic generating mapping. Appendix .1 gives
computed parameters for many lexicodes that were thus computed. This list is more exhaustive than
what is currently available in the literature [3, 5].

3.2 Trellis-oriented lexicodes

We now consider a different generating mapping for the &-construction which will generate families of
codes oriented towards a reduced decoding trellis.

There is a unique, minimal [12] trellis for an arbitrary linear block code. Known as the BCJR [1] trellis,
it has no more edges or vertices at each time index than any other trellis for the code and can be
constructed fairly easily [8,11]. It is shown in [8,11] that the minimal span generator matrix (MSGM) for
a linear code, in which the sum of the spans of the binary generators is minimized, reflects the properties
of the corresponding BCJR trellis. Namely, if G is an MSGM of a code C, comprised of the generators
Gy,...,G}, then the number of vertices V; and edges FE; in the corresponding BCJR trellis is given by:

Vi = 2bwi o
| Bijipa| = 28 P Fon
where p; and f; are the dimensions of the past and future subcodes for the i-th index of C. These
dimensions may be computed for i =0,1,...,n as follows [11]:
pi = [{j:R(Gj) <i}|
fi = Hi:L(G;) > i+ 1}



As before, R(-) and L(-) refer to the rightmost and leftmost non-zero indices of a vector, respectively.
With a minor modification of the lexicographic construction we may exploit the above relations to locally
minimize two measures of trellis complexity: state complexity, which is the maximum number of states
at any time interval of the trellis, and Viterbi decoding complexity. Specifically, &(fi epi, C) is such a
family of codes, and it locally minimizes trellis complexity if fi ep; (C) returns the vector with maximum
distance from C whose bit-wise reverse (REV) is lexicographically earliest:

fireli(C) = vEF; st. Yw €F;,
REV(v) <]gxj REV(w) or d(w,C) < d(v,C). (8)

For example, if the vectors {1011, 1101, 1110} are at maximum distance from a code C, then fi q3;(C)
returns the vector 1110. Because of their locally minimal trellis complexity, these codes may be justly
called “trellis-oriented.”

Theorem 2 establishes that fi.q;;(-) locally minimizes trellis complexity among local extensions with
optimal code parameters. It is possible to improve Viterbi decoding complexity by using a generating
mapping which produces a longer extension, but the information rate of the resulting code will be inferior.

Theorem 2 Let C be a linear code. Among those single-iteration extensions &1 (f,C) with shortest
length, the generator mapping f(-) = fie11;(-) minimizes the Viterbi decoding complezity and trellis state
complezity.

Proof: Suppose that G is an MSGM for the (n,k,d) code C whose past and future subcodes have
dimensions p; and f; respectively, and whose trellis has vertices V; and edges F; ;11 at the i-th time
interval. Now, consider appending to G the generator v = <1A|A> as in Equation (3) of the definition
of the &-construction. The generated code C' = &; (f,C) will have parameters (n' = n + Ak + 1,d).
Without loss of generality we may assume that the resulting generator matrix of C' is an MSGM. If we
denote the difference in lengths between C' and C by Vn = n’ — n, then a simple analysis shows that C’
will have past and future subcode dimensions:

0 if0<i<Vn
pli = Di—Vn ifVn <i< R(U)
Pi—vn +1 if R(v) <i<n'
9)
kE+1 ifi=0
= k if0<i<Vn
fi—wn ifVn<i<n/

We may then use (7) and (9) at each time unit ¢ to compute the number of vertices and edges (|V}|, |E}|)
in the BCJR trellis for C' based on the vertices and edges (|V;|,|E;|) in the BCJR trellis for C:

1,2) ifi=0

2,2) if0<i<Vn
2|V;'—Vn|; ZlEz'—an) ifVn <i< R(U)
[Vi—val, | Ei—val) if R(v) <i<n'

(
(ATER (10)
(

It is now a simple matter of algebra to compute the difference in Viterbi decoding complexities between
the trellises of C' and C:

A(Viterbi complexity) = (2|E'| — |[V'| + 1) — 2|E| — |[V| + 1)

R(v)—Vn-—1 R(v)—Vn-1
=34+2(Vn—1)+2 S B - S| ()
i=0 i=0



Since |E;| > |V;| for all 4, minimizing the change in Viterbi decoding complexity depends on minimizing
R(v) = R (12|)), which in turn depends on having the 1 bits of A as far to the left as possible. On the
other hand, A cannot have weight less than the covering radius p of C if it is to produce an extension
of shortest length. Thus, the mapping f; e1i(-) is one of several mappings which meet both criteria for
local optimality: minimizing R(v) and having wt(\) = p. Other intuitive generating mappings, such
as picking lexicographically latest vectors at maximum distance from the code, are not always locally
optimal because the lexicographically latest vector need not (and generally does not) have the minimum
rightmost index.

Equation 10 also proves that minimizing R(v) is the appropriate criterion for minimizing state complexity.
This is because larger values of R(v) correspond to doubling more vertices |V;_v,| when generating V;.
Thus, fireni(-) locally minimizes state complexity as well. ]

0000111
0011100
0110010
1111000

Table 2: Generator matrix for the dimension 4 minimum distance 3 trellis-oriented &-code. The generator
padding for each iteration is marked in bold.

Table 2 depicts the (7,4, 3) trellis-oriented &-code that was generated similarly to the code in Table 1.
In fact, Method 1 can be trivially reversed to compute fi epi(-), without affecting the running time or
space:

Method 2 Consider a set of vectors V, and a code C with MSGM G whose generators are in lexicographi-
cally increasing order. The following greedy method computes the lexicographically earliest bitwise reversed
vector among the represented cosets in O(n|V|) time and O(n) space.

1. for eachv = (v1,v2,v3,...,v)y) €V do

2 fori from 1 ton

3. if vR(g;) is a 1 then

4. v v+ Gy

5 store the modified v;

6. among all stored v, return the lexicographically earliest

The proof of correctness and complexity for Method 2 follows trivially from the proof of Method 1.

3.3 Trellis-bounded lexicodes

It is often useful to bound various parameters of a trellis so that decoding can be efficiently handled by
a system with complexity constraints, such as a VLSI chip with certain implementation constraints or a
mobile device with certain power limits. We consider generating mappings which bound Viterbi decoding
complexity and trellis-state complexity. The trellis-state complexity is a strong indicator of the decoding
complexity of a code because it asymptotically restricts memory-usage and the number of bifurcations in
the trellis.

We may produce &-families which constrain state complexity by simply restricting the generating mapping
to returning only vectors which maintain state complexity bounds. In order to duplicate the nice locally
optimal properties of fi.o;i We similarly design the state-constrained generating mapping fstate to return,
among all candidate vectors which maintain the state complexity bound, the vector of maximum distance



from the given code whose reverse is lexicographically earliest. Formally, fsiate(s,C) is the same as
fireni(C) with the additional constraint that the code formed by adding the return vector v to C has a
trellis state complexity bounded by s.

We may similarly produce &-families which constrain Viterbi decoding complexity by using the generating
mapping fgecoding, Which like fstate restricts its output to producing codes whose Viterbi decoding
complexity is some function g(k) of the dimension k of the underlying code.

The computations of fgate and fdecoding are straightforward by-products of the mechanism behind The-
orem 3 (in the next section), which drives the computation of codes in an arbitrary &-family. Specifically,
for any such &-code, we may quickly derive an MSGM from which all the necessary trellis properties may be
easily gleaned and suitably constrained. Unfortunately, the worst case (extreme bounding) computation
of either of these generating mappings involves exhaustively searching through every coset leader in an
attempt to meet the constraint. Appendices .2 and .3 demonstrate the effects of bounding various trellis
properties.

4 Relation Between Cosets

So far we have addressed the computation of various generating mappings. In this and subsequent
sections we will complete our analysis by addressing the theoretical mechanism which supports the &-
construction. Specifically, the &-construction establishes an important relationship between the coset
leaders of the codes produced at successive iterations. This relationship allows us to efficiently compute
the coset leaders of many ®-codes (and hence their generator matrices) as well as to determine bounds
on their code parameters. We describe this relationship by first associating a companion with each coset
leader. Recall that a coset leader is a designated vector of minimum weight in a given coset.

Definition 2 The companion of a coset leader I, with respect to a vector v € F3, is the leader of the coset
containing | +v. It is denoted k,(l), or k(l) in context.

We show that one iteration of the lexicographic construction produces a code whose coset leaders are
either (a|u) or {(@|x(u)) (depending on which has lower Hamming weight), for each vector a of appropriate
size and coset leader u in the original code. Here a refers to the complement of a.

Theorem 3 Consider an (n,k,d) code C with a fized set S of coset leaders, and the linear code C'
spanned by C U {(1A|/\)} for some N\€FY and A€Z. Then the set S' of coset leaders of C' can be
obtained from S according to the following bijective correspondence:

¢:(a, ) e{(OF2 N} xS+ l'eS’
where l' is defined by the property

= { (all) if wt({all)) < wt ((@lra(1))) ,
(alra(@)) of wt({all)) > wt((alrr(1)))-

In other words, every coset of leader | in S, when paired with a vector a, produces a coset leader 1" in S',
and vice versa.
Proof: We introduce the following notation to simplify the proof:

g(a,) ¥ (a | 1) and h(a, 1) © (a | sa ). (12)



This proof then rests upon two observations. The first observation is that g(a,l) and h(a,!) are always
in the same coset of the new code C'. This is clear because:

ga,l) + h(a,l) = ([a+a] | [[ +rD)])
= (12 | I+1+X+0)), forceC
= (12N +(0% )
e C.

Here A is the padding value, as presented in the statement of the theorem.

The second observation of this proof is that g(a,l) and g(a',l") are generally not in the same coset of C'.
More specifically, these two vectors are in the same coset precisely when [ and I’ are in distinct cosets
of C and @ # a'. To see this we analyze the two possibilities for the sum g(a,l) + g(a’,1’). In the first
case, its leading bits are neither 0° nor 1. Alternatively, its leading bits are 0 but its trailing bits
are the sum of distinct coset leaders | + ' ¢ C. Both possibilities preclude g(a,l) + g(a',!') from being a
codeword of C', proving the observation.

Based on the above two observations, g(-,-) and h(-,-) represent the same two-to-one correspondence
between (vector, coset-leader) pairs (a,!) and the cosets of C'. In fact, for each a € F¥ and coset leader [
of C, the coset of g(a,!l) contains only the vectors:

{ (aI (I +¢)

for any c€ C.

In addition, for any c € C, g(a,!) cannot have weight greater than the weight of {(a|(l + ¢)), because [l is a
coset leader, and h(a,l) cannot have weight greater than (G|(I + A + ¢)). Therefore, all the vectors in the
coset containing g(a,!) will have weight not less than min{wt(g(a,!)),wt(h(a,l))}, so that either g(a,l)
or h(a,l) must be a coset leader in C'. Since g(a,!) and h(a,l) are correspondences, S’ is the complete
set of coset leaders of C'. |

Table 3 demonstrates the use of the ¢ correspondence of Theorem 3 to generate the coset leaders of the
(6,2,4) binary lexicode £2 from the coset leaders of the (4,1,4) binary lexicode £). In essence, the ¢
correspondence indicates that the coset leaders of a ®-code are augmented permutations of the coset
leaders of its predecessor in the &-construction. One such permutation produces the lexicodes, whereas
other permutations produce the various other codes described in this paper.

| all [ alsx(l) | corresponding '€ S’ |
00 0000 | 11 0101 00 0000
01 0000 | 100101 01 0000
00 0001 | 11 0100 00 0001
01 0001 | 10 0100 01 0001
00 0010 | 11 1000 00 0010
01 0010 | 10 1000 01 0010
00 0011 | 11 0110 00 0011
01 0011 | 10 0110 01 0011

Table 3: A partial table of coset leaders of the (6,2,4) lexicode. It is derived from the (4,1,4) lexicode,
using Theorem 3 with A = 0101 and A = 2. Spaces between bits are used to highlight which vectors are
being concatenated.
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4.1 Bounds on code parameters

Theorem 3 yields a description of the coset leaders of a code & in terms of the coset leaders of its
predecessor &j,_1 in the &-construction. The maximum weight coset leader of &y, in turn, determines
the covering radius of this &-code and, hence, the code parameters of the subsequent codes in the
construction. This insight allows us to improve the known bounds on the parameters of lexicodes.

4.1.1 Bounding the Covering Radius

Our first bound is a recursive upper bound on the covering radius p,, of the m-th code of an arbitrary
®-family. We shall use the term A, to refer to the corresponding term in Definition 1 for this m-th code.

Lemma 1 For any &-family of codes and m > 1,

d
pm < {iJ + Pm-1.

Proof: Consider constructing &,, from &,,_; using Theorem 3. Any two coset leaders | and k(l) of
®,,—1 must each have weight at most p,,,_1, by the definition of the covering radius. Consider the weight
of a corresponding coset leader of &,,, based on Theorem 3:

min{wt(a | I),wt (@ | k,(1))}
< min{wt(a) + pm_1,wt(a) + pm_1}
< |_Am/2J + pPm—1

for all a€ ]F2A"‘. Since the &-construction implicitly demands that A,, < d, we may conclude that any
coset leader of &,,, must have weight no greater than

4\
D) Pm—1

which bounds the covering radius of &,,, and proves the lemma. ]

With some combinatorial analysis, we can also establish a recursive lower bound on the covering radius of
®-codes. Specifically, we shall make use of the following simple combinatorial lemma, which we provide
without proof.

Lemma 2 Ifa > 3b> 0 then

(Z) > g (‘Z) (13)

Theorem 4 For any &-family of codes whose seed code has length

d-1
)

d—1 d—pm—1
e |12 [

Proof: Following convention, we let t = | (d — 1)/2] denote the number of errors that the codes of a
G-family can correct. It is well-known that each vector in Fy;™~" of weight < ¢ must be a unique coset

it necessarily follows that

11



leader for &,,_;. Moreover, using our assumption about ny (which also holds for n,,, since n,, > ng),

Lemma 2 implies that
t—1
Nm—1 Nm—1
. 14
( t ) g Z( i ) (4

i=0
The left-hand side of (14) is the number of vectors of weight ¢, while the right-hand side is the number
of vectors of weight < ¢. Thus, by the pigeon-hole principle, there must be at least one coset leader
l € &,,—1 of weight ¢ whose companion x(l) has weight at least ¢t. Since A, > d — p;,,—1 for any &-code,
we may choose a = 0LA=/211[A=/2] to get:

pm > min{wt((a | 1)), wt (@] £ (1))}
Bk
- [ )

The result in Theorem 4 also applies to all B-families trivially seeded with the code S,.

Lemma 3 For any trivially seeded &-family of codes,
d—1 d— Pm—1
> | — — .
mz [+ [=

If a ®-family is trivially seeded, then, necessarily, ng = d and po = |£]. Thus,

d d—1

ny =ng+(d—po) =d+ [ﬂ >3{TJ

so that Theorem 4 applies to the remaining codes in the family.

We now turn our attention to generating mappings which produce codes whose information rate is locally
maximized. More specifically, for any code C with covering radius pc, we will consider only generating
mappings f with the property that the Hamming distance from C to f(C) is exactly pc. We will call
such mappings minimal generating mappings, and the corresponding family of codes minimal &-codes,
because they locally minimize length (and hence locally maximize information rate) for a given dimension
and minimum-distance.

As an example, the generating mappings for the traditional lexicodes and the trellis-oriented lexicodes
are both minimal. We may now easily strengthen Lemma 1 by observing in its proof that A,, =d—p,, 1
for minimal &-codes.

Corollary 1 For any minimal &-family of codes,
pm < \‘d+gm_1J -

The covering radius bounds we have developed for &-codes translate naturally to length bounds.

4.1.2 Bounding Length

By summing Theorem 4 over many iterations, we may obtain a lower bound on the length n,, of the
m-th code of any minimal &-family.

12



Corollary 2 For any trivially seeded, minimal &-code,

1\ d+4 2
< ) — = -
Ny _<m+2) 3 3

Proof: Consider summing a weaker inequality obtained from Theorem 4 by eliminating the floor
function. Summing over iterations 1...m of the &-construction we get:

3 i 2> 3 d- P2t o
;p ;( 2 )
lmfl

> m(d—2)—§§pi-

Noting that for trivially seeded codes, pg = |£] and p,, > 0, we may reduce this to:

3w 1 d
52&' > m(d—2) = S(po — pm) > m(d—2)— 7.
i=1

Furthermore, since we are dealing with minimal &-codes,

N = ;(d—m) = md—;pi

so that we may now conclude the proof:

m
N = md — sz
i=1

2 d
< _Zz )
< md 3(m(d 2) 4)

m d
< — 4 —.
3(d+ )+6

In the case of a ®B-family seeded by a non-trivial code of length ng and covering radius pg, Corollary 2
may be easily generalized to
d+4 d
< mgt MAFY o0 d
3 6
Clearly, Corollary 2 applies to all lexicodes and trellis-oriented lexicodes. It is a asymptotically tighter
than the similar bound given by Brualdi and Pless [3, Theorem 3.5]:

n—2—|logy(n—1)| ifd=4,

in—d-17 ifd=0 (mod4),d# 4,8,

k> [n““‘J o mod .47 (15)
H if d=8, n> 18,
| 2ot | ifd=2 (mod 4).

Specifically, Corollary 2 asymptotically binds k¥ > 3% whereas Equation (15) binds k& > 2%. Nevertheless,
both of these bounds are weak as illustrated by Appendix .1.
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5 Computations

Theorem 3 can be directly translated into an algorithm that computes &-families. The algorithm simply
computes the coset leaders of ®-codes in the family, from which the remaining parameters may be easily
deduced. This computation scheme has the advantage of being exponential in the co-dimension (i.e., the
dimension of the dual code) rather than the dimension or the length. Thus, this algorithm is efficient for
high-rate codes, and it is presented in Algorithm 1.

Algorithm 1 Given an iteration m, a generating mapping f(-), and a seed code C, the following algo-
rithm will compute the code &, (f,C):

1. Record the cosets of the seed code &g
2. for i from 1 to m do
compute v = f(&; 1)
for each coset leader X\ of &;_; do
compute K,(A), which is the companion of A
for each a € (O[F5~') do
if wt({(a|\)) < wt((1%¢ + a|k()))) then
[a]A] is a coset leader of &;
else
0. (184 + a)|k, (X)) is a coset leader of &;
1 Record the covering radius p; of &; from the new-
ly computed coset leaders.

@

B2 0N ote

In Algorithm 1 we reuse our earlier notation that A; = d — wt(f(®;_1)). Note that we assume that the
coset leaders of the seed code are known or trivially derivable, as is often the case. The correctness of the
algorithm follows immediately from Theorem 3. Moreover, we can also compute the running time and

space of this algorithm in terms of m dzefnm — m, the co-dimension of the m-th &-code,

Lemma 4 Using an oracle for computing the generating mapping, Algorithm 1 runs in space O(2™) and
time O (N, m2™).

An oracle is simply a black box that computes a given function in constant time. In this case, we
assume the existence of an oracle for computing the generating mapping because the complexity of such
a computation can vary greatly among mappings. The proof of Lemma 4 follows from a straightforward
analysis of the pseudo-code for Algorithm 1.

For the specific case of distance 4 lexicodes, this algorithm is particularly fast, since Brualdi and Pless [3,
Thm.3.5] show that, under these circumstances:

m = Ny, —2— |logy(nm — 1) (16)

so that Lemma 4 reduces to time O(n,,mlog(n,,)) and space O(n,,). This is not surprising given that
the distance 4 lexicodes are simply shortenings of the extended Hamming codes [5].

The analysis of Algorithm 1 assumes an oracle computation of the generating mapping. For the case of
lexicodes and trellis-oriented lexicodes, however, Method 1 provides an efficient means of computing this
mapping in time O(n,, X #COSET,,) and O(n.,) space, where #COSET,, represents the number of cosets
in the m-th corresponding ®B-code. As in the case of lexicodes and trellis-oriented codes, the overhead of
computing f(®;_1) is usually eclipsed by the running time of the remainder of the algorithm.

Corollary 3 Algorithm 1 requires time O(n, m2™) and space O(2™) to compute lexicodes and trellis-
oriented lexicodes.
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The complexity of Algorithm 1 is thus bounded by the co-dimension of the code and by the difficulty of
computing the generating mapping. Under practical conditions, we were able to compute lexicodes well
beyond length 44 initially reported in [5].

In addition, we were able to construct trellis-oriented codes with code parameters rivaling those of lex-
icodes, but with much better trellis state complexities. As an example, we generated a trellis-oriented
®-code with code parameters similar to lexicodes, but with better state complexity than the correspond-
ing BCH codes heuristically minimized in [7]. These result were predicted by [7] and are demonstrated
in Table 4.

TRE: | 0:1:2:3:4:5:6:6:7:8:9:8:9:8:7:6:7:6:6:6:5:5:4:3:4:4:4:3:3:2:1:0
BCH: | 0:1:2:3:4:5:6:6:7:8:9:8:9:8:7:6:7:8:9:8:9:8:7:6:7:6:5:4:3:2:1:0

Table 4: A comparison of the trellis state complexities of the (31, 16, 7) trellis-oriented lexicode (TRE) and
a (31,16,7) extended BCH code (BCH) heuristically minimized in [7] .

Finally, the trellis state bounded codes that we have computed show improvements, for various code
parameters, over the state-bounded codes computed in [15] using different techniques.

6 Applications and Conclusions

The B-construction lends itself to several applications in code design, some of which we describe in this
section.

6.1 Code engineering

The &-families produced under various generating mappings lend themselves to engineering a code for a
specific purpose under specific constraints. For example, if given a dimension k£ and a desired capability
of correcting ¢ errors, the mapping fiey; can be used to generate an appropriate, approximately optimal
code.

For a heuristic decoding optimization, the mapping fi.;; may be used to generate an approximately
optimal “trellis-oriented” code. These codes may be constrained further, however, if there is a particular
memory limit m on the decoding space. In this case, the mapping fstate may be used to get a reasonably
short code satisfying dimension, error-correcting capability, and decoding memory constraints. Alterna-
tively, one might wish to find a family of good codes with a bounded decoding time, in which case the
mapping fdecoding would be appropriate. In each of these cases, the &-construction often provides a
code that meets the desired constraints and which, empirically, tends to have good parameters.

The appendix lists various &-codes, demonstrating their use in this application. For example we see in
Appendix .1 that though the trellis-oriented codes have almost identical code parameters to their lexicode
counterparts, they tend to have a much better trellis complexity. As another example, we can see in
Appendix .2 that by sacrificing about 12% of the information rate, we can reduce decoding complexity
from the 1024 states in the (38,21, 8) lexicode to a mere 64 states in the (43,21, 8) state-bounded code.
Such a low memory requirement would be ideal for a VLSI chip or a smart card.

6.2 Code improvement

The &-construction also enables us to transform a given code into a similar code with (often) a better
trellis complexity. Theorem 2 assures us that fi eni(-) is a locally optimal method of extending an
arbitrary subcode if we seek to maximize information rate and minimize decoding complexity. Thus, we
have a simple, greedy method in which we may attempt to improve a given code C.
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Specifically, we may arbitrarily delete a generator of C and replace it with a trellis-oriented generator.
Because of Theorem 2 we know that the resulting code will have trellis complexity and code parameters
(e.g., length, minimum distance) no worse than the original code.?

In fact, this method may be applied to several generators: shorten C by deleting k generators; replace
the generators with % trellis-oriented generators. This allows us to create an amalgam of the original
code and a trellis-oriented code. Though the resulting code is not guaranteed to match the decoding
performance of our original code, it often performs much better as we see in the following example.

Example 1 Consider the length 31, dimension 16, triple error-correcting BCH code generated by the
polynomial g(z) =1+ x+ 2% + 2% + 25 + 27 + 28 + 2° + 210 + 2! + 2. It requires 215 = 32, 768 trellis
states and 262,139 steps for Viterbi decoding. Table 5 shows the dramatic improvement of this code as
more generator vectors are replaced with trellis-oriented generators.

k State Decoding | Generation time
complexity | complexity
1 215 262,139 26:36
2 215 262,139 22:11
3 213 94,203 18:30
4 213 54,659 24:45
5 21 36,355 20:25
6 212 43,779 17:17
7 212 37,251 14:59
8 21 32,333 14:49
9 212 39,373 12:50
10 212 40,159 11:41
11 212 37,647 10:34
12 211 26,303 11:22
13 210 16,611 10:12
14 210 16,147 9:39
15 210 13,603 9:41
16 29 4,907 1:07

Table 5: Improving a (31,16, 7) BCH code by replacing k of its generators with trellis-oriented generators.
The trellis state complexity and Viterbi decoding complexity of the intermediate (31,16, 7) codes is noted,
as is the time (in minutes) needed to generate them on a Sun Ultra-Sparc 1.

We note that both the state and decoding complexities generally decrease as k increases. Moreover, the
computation time also generally decreases because of the decreasing size of the seed code.

6.3 Practical considerations

In practice, computing the &-construction using Algorithm 1 is only feasible for high-rate codes because
the algorithm needs to maintain a list of coset leaders at each iteration.

Another problem with the &-construction is that it is theoretically possible for bounding to be so severe
as to halt the construction when, for example, f(C) does not return a vector for a particular code C.
Though we have not seen this with trellis state bounding (i.e., using the mapping fstate), we have seen
indications that this can occur with fgecoding- Of course, certain constraints will simply not correspond
to any existing linear code, so this problem is inherent to code design.

2We do have to take some care that when we delete the generator the resulting code is non-trivial. If the generator
matrix of the resulting code has an all-zero column, making the code trivial, we may simply delete the offending column.
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6.4 Future directions

Many questions remain unanswered in this work. First, it is still not clear why lexicodes, or even trellis-
oriented ®-codes, have such good code parameters. Second, we suspect that the bounds on parameters
of lexicodes can be improved by a more sophisticated count of the worst-case companion pairings. Fur-
thermore, one should note that the exponential time and space bound (with respect to co-dimension)
of Algorithm 1 may be improved by various approximation techniques. The actual continuation of the
algorithm depends only on the properties of a few coset leaders, and a heuristic approach to choosing
these leaders might work well. Speeding up Algorithm 1 would allow for the design of lower rate codes
with good trellis decoding properties. Finally, the iterated method in which lexicodes are constructed
is reminiscent of concatenated codes, and the connection to concatenated code design deserves further
attention.
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.1 Trellis-Oriented &-codes

Table 6 lists the properties of some distance-8 lexicodes and trellis-oriented B-codes. Over a binary field,
lexicodes with odd minimum distance are simply punctured lexicodes with even minimum distance, so
it is redundant to list their properties [5]. The minimum distance 4 lexicodes are all extended Hamming
codes or shortenings thereof [5]. The minimum distance 6 and 8 codes we have computed also have
optimal error-correction capability in the sense that each has the best known minimum distance for its
length and dimension as compared to [2]. We can see that the trellis-oriented codes almost always have
lower decoding complexity than the corresponding lexicodes; however, there are small pockets, where the
trellis-oriented codes have higher state complexity and/or decoding complexity than lexicodes.

.2 State Bounded &-Codes

We depict the parameters of distance 6 ®-codes with bounded trellis state complexities.

Distance 6 codes with bounded state complexity

—i— Bound 24

50 -—| —=—Bound 2° e

—— Bound 20 / o
40 +— - - - Traditional lexicodes S -

Dimension

Figure 3: The effects of bounding the state complexity of distance 6 &-codes with various constants.

.3 Bounding Decoding Complexity

Figure 4 shows the results of applying Viterbi decoding constraints to ®-codes. Specifically, it shows
the decoding complexity achieved under linear and quadratic decoding bounds. The degradation in code
length compared to the standard lexicodes is modest for these examples.
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Distance 6 codes with linear decoding bound

—— Linearly bounded codes
Bound (122*length)

8000

=
(=3
=3
S

Decoding complexity
[ P
(=] o
8 3

5 15 25 35 45 55
Length

Distance 6 codes with quadratic decoding bound

20000
16000
12000

8000

Decoding complexity

=
=3
S
=]

5 15 25 35 45 55 65
Length

Figure 4: The effects of bounding the decoding complexity of distance 6 -codes with a linear function
(top)and a quadratic function (bottom).
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Table 6: Parameters of d = 8 codes. We display the following parameters for lexicodes and trellis-oriented
®-codes: length, dimension, state complexity and Viterbi decoding complexity with the BCJR trellis.

Dim- Standard | Trellis- Standard | Trellis- Standard Trellis-
ension oriented oriented oriented
Length Length States States 20E]—V]+1 | 2[E|—-[V]+1
1 8 1 17
2 12 2 35
3 14 3 71
4 15 4 143
5 16 4 195
6 18 5 341
7 19 6 647
8 20 6 779
9 21 7 1,547
10 22 8 2,395
11 23 9 4,219
12 24 9 4,475
13 28 9 4,529
14 30 9 4,777
15 31 9 5,463
16 32 9 5,515
17 34 9 7,645 5,693
18 35 9 12,671 6,143
19 36 9 12,803 6,275
20 37 10 9 24,267 7,691
21 38 10 9 25,115 8,539
22 39 10 9 26,939 10,363
23 40 10 9 27,195 10,619
24 42 10 31,805 17,853
25 43 11 41,791 33,087
26 44 11 41,987 33,283
27 45 12 65,227
28 46 12 67,163
29 47 12 72,571 78,203
30 48 12 72,827 78,459
31 49 50 13 12 135,611 80,317
32 50 51 13 12 169,019 87,108
33 51 52 13 12 248,123 88,643
34 52 53 13 248,507 187,547
35 53 54 14 13 427,579 158,331
36 54 55 14 13 431,419 142,203
37 55 56 14 13 442,171 142,459
38 56 57 14 442,555 274,875
39 58 14 487,997 308,283
40 59 14 628,031 457,019
41 60 14 628,227 460,091
42 62 14 629,107 460,861
43 63 14 631,903 464,703
44 64 14 632,035 464,899
45 65 15 | 14 1,263,819 581,885
46 66 15 1,287,195 1,053,275
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